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@ Why holographic correspondence?

© Low energy limit of string theory
@ Closed strings
@ Open strings
@ Branes and their sources
@ Gauge theories on Dp brane

© AdS/CFT correspondence
@ Anti-de Sitter geometry - basics

@ Conceptual issues
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String concept

e Strings are one-dimensional extended object propagating in an ambient
space-time.
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e Two aspects of (super)string theory:

Two theories within String theory

- Quantum 2d worldsheet CFT

Dynamics of Strings : )
- Target space dynamics of worldsheets




String worldsheet

e Conceptual issues:
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Closed strings

@ The action: the most general sigma model string action preserving
the symmetries of the theory and renormalizability is

S=5c+ 5B+ Ss

where
@ G-coupling
So= o [ PoVTP0.X" ()05 X" (0) G X*)
4ma!

@ B-coupling
— 2 _af I v I
S =1 /daa 00 X" (0)95 X" () By (XH)

@ ®-coupling

Sy = —4i / d*o\/g®(X*)R?
7
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Low-energy limit of string theory

Requirements: the fluctuations have to respect string theory invariances:
@ 2d reparametrization invariance
@ target space Lorentz invariance
@ Weyl invariance

e The energy-momentum tensor is:
1
Taﬂ = aaXIJ@,BXN — QHQBangapXO— = 0.
e The conservation conditions
aaTa,B =0, 7Taa =0.

Define ©(z) = T% + 7% and ©(2) = T% — T%'. The algebra closed by
©(z) is the so-called ’Virasoro algebra‘

c
[Ln, Lin) = (n— m) Ly + En(n2 — 1D)0nt+mo, ©O(z) = Z



e Requiring above symmetries of the o-model string action, one ends up
with the conditions ensuring the vanishing of the corresponding

[B-functions:
1
BG,+ Ry — ZHWH;TA +3D,0,® =0,

1
5 i =D Hpu + Hyu D2 =,
1 o 1
o 2 2 2
i =|ld—-10] — — |D*® - 2(V®)* — —H*| =0.



e Requiring above symmetries of the o-model string action, one ends up
with the conditions ensuring the vanishing of the corresponding
[B-functions:

1
5 . Ry — ~H,HZ*+3D,0,% =0,

1
B . 1 o oFH —
5 i =D Hpu + Hyu D2 =,
1 o 1
P 2 2 2
. [d—10—- < | D@ — 2(Ve)? — —H?| = 0.
g% 3ld-10- 5 Do - 2(ve) - E?| =0

‘The effective 10d action from closed strings‘

= /dloX\/» ~20 (R+ 4(09)? — H2>

\/ should be understood as a universal one, i.e. any superstring
background must satisfy the above equations

\/ the equations of motion following from this action coincide with the
conditions ensuring vanishing of the §-functions.




@ adding open string sector
In the case of boundaries of the world sheet one can write the action
as
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@ adding open string sector
In the case of boundaries of the world sheet one can write the action
as

_ 1 2 1 YL
S=—— </Ed 05 (0 X,0° X

+6° B, 00 X 05 X") + / dalAualX“>
)X

@ boundary conditions:

(NN): 9,XV =0 =

|o=0,7

1 .
XH(1,0) = ¢ + 2a/pHT +iV2/ E —ak cosnoe™ """
n
n#0
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(DD): X! _ =4, X|,
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XH(r,0)=¢!'+ —(qu —¢hH+ Z —ak cosnoe™""T
T oy R

(ND): 9,Xl,_o =0, Xt_ =g} =

jo=
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@ expanding the above action we get model dependent terms
1 1
7 _ 10 2
Sopen = _2/€2 /d x Ep 2(p+ 2)!Fp+27

where Fj,, 5 is the field strength of a p + 1 form gauge field. The
couplings A,, get promoted to gauge fields on the subspace where
string endpoints live.
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Brane degrees of freedom and effective spacetime geometry

@ Dirichlet boundary conditions: determine a subspace called D-brane

@ Stack of NV parallel D branes

LN
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Figure: The degrees of freedom N parallel D-branes.



‘ Effective open string action sources‘

[ type | | form | el. source [ mag. source
lIA | 10d N=2 SUSY | Fjy DO D6
non-chiral
HA | 10d N=2 SUSY | Fyy D2 D4
non-chiral
1B | 10d N=2 SUSY | Fjj D(-1) D7
chiral
[IB | 10d N=2 SUSY | Fj3 D1 D5
chiral
1B | 10d N=2 SUSY | Fj D3 D3
chiral

Table: Field strengths and sources in type Il strings

IHA: two gravitini moving in opposite directions on the closed string world sheet,
opposite chiralities under the 10d Lorentz group: a non-chiral theory.

IIB: the gravitini have the same chiralities under 10d Lorentz group: chiral theory
—  The main conclusion one can draw is that the (p + 1)-dimensional
world-volume serves as source of (p + 2)-form field Fi, o).



Gauge theories on Dp brane

Spp = Sper + Swz,
SDB[ = —Tp /dp+1§STr\/— det (Pab[Gp,y -+ Buy] + 27TC¥, ab) y

Dp

Swz = Tp /Z STI”’P[C(Z')] AN ep[BHZﬂO/F ,
Dp i

where T}, is the brane tension.

1

Tp - gs (27‘()?0/(1’4’1)/2 )

The pull-back of the background metric G, and Kalb-Ramond-field B,,,
is denoted by P. STr is the symmetrized trace.



e Expand the brane action and obtain the leading contribution

1
S = Tp/ dPrle \/ge_¢(27ro/)2§tr (FaﬁFO‘B)

+Tp/ZC(’") Atre?™F 4o (1)

where we have not written terms involving fermions and scalars. This
action is the sum of

@ a Yang-Mills term,
@ a Wess-Zumino term,

@ an infinite number of corrections at higher orders in o/ indicated by

- in (1)



@ The string endpoints on the same D,, branes transform under adjoint
representation of the gauge group. The large number of these branes
gives the background geometry.

@ The string endpoints ending on different D), — D, branes transform in
the fundamental. This is the way we introduce flavors in the theory.

N DT ends in the fund rep

(v, 4) (B).Ba)




Example: D3-brane

The solution for the D3 branes can be obtained from the above general

solutions.
2K2/lf0£ /}#zzD& 2)
>

where we omitted possible interactions.
The explicit form of the D3-brane solution is

_1 1
dﬁ:Hzm@jHﬁwﬁw%w&,
_ R
D3brane = | H® =1+ (§) (3)
F(5) =d*z ANdH™ ' +xd*z A dH_l,
® —gs, R*=4ng,N.(/)?

e Large N brane limit converts evectively the flat spacetime + N
D3-branes into AdS5 x S° spacetime.



Cartoons for AdS/CFT correspondence
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SUSY from background

e What is the role of the 5D Einstein space X357

R

Anti-de Sitter space-time Round sphere (red)
Squashed sphere (grey)
Torus (oringe)

e Bosonic symmetry from AdSy: SO(d,2) - the conformal group in d
dimensions;

e The isometries of X5 — R-symmetry; for S° = SO(6) = SU(4)

o (Super-)Symmetry of AdS5 x S% — SU(2,2[4)
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‘ AdS/dS spaces: basics‘
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‘ AdS/dS spaces: basics‘

@ Start with n-dimensional sphere defined by the rotational SO(n + 1)

S": XP+Xi+4---+X2,=R% (4)
e 3 n(n+ 1)/2 Killing vectors leaving the sphere invariant

Ty = 2 = JCxChe (5)
o Generalization: change the sign of the n+1-th coordinate (X, 11 = U)
XP+X3+- - +X2-U*=-1 (6)
n(n + 1)/2 vectors leave the hyperboloid invariant, but n independent
Jiv = X0y + U0;, i=1,...,n. (7)

@ Let us change the sing in the metric of the embedding space, i.e. let
us pass to Minkowski target space

ds* =dXi +---+dX2 —dU>. (8)

This metric is left invariant by all n(n + 1)/2 vectors! The isometry group
becomes SO(n, 1), i.e. the Lorentz group.



We define hyperbolic space H” as the upper sheet of such a hyperboloid.
@ Consider a one sheeted hyperboloid embedded in Minkowski space

X2+ +X2-X2,=1 (9)

The space we obtain is a space with a Lorentzian metric of constant
curvature and it is known under the name de Sitter space, dS™.
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We define hyperbolic space H” as the upper sheet of such a hyperboloid.
@ Consider a one sheeted hyperboloid embedded in Minkowski space

X2+ +X2-X2,=1 (9)
The space we obtain is a space with a Lorentzian metric of constant

curvature and it is known under the name de Sitter space, dS™.
o Consider the quadric

X2+ +X2_X2 -U2-V2=-1, (10)
embedded in a flat n + 1 dimensional space with the metric
ds® = dX? +---+dX2_, —dU* —dV?. (11)

The space we obtain is a space with a Lorentzian metric of constant
curvature and it is known under the name Anti-de Sitter space, AdS™.
e dS™ space has space-like curves while AdS™ has time-like curves going
around the hyperboloid.
e The topology of the two spaces

@ The topology of AdS™ is R ! ® S,

@ The topology of dS™ is S*! @ R!.



@ d + 1-dimensional Euclidean and Minkowski AdS space as
Lobachevski upper half plane 2° > 0, 2% = (2°,%);i =1,...d
72 dz? + nydatdz”
7 ’

1
d82 = 3 (dl‘o + di‘a) y d5124ds =

(12)
o
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@ d + 1-dimensional Euclidean and Minkowski AdS space as
Lobachevski upper half plane 2° > 0, 2% = (2°,%);i =1,...d

dz? + ny,dz? dw
2 _ 2 2 uv
ds = 25 (dm +di?), dshys =1L ;- (12)
@ the vielbein and the corresponding spin connection are given by:
0 o o O
eg:xo, w? =—wl” = o a=0,...d (13)
o Christoffel symbols and spin connection coefficients
1
Iy =—-=-I;,=-I%,, w, da;Z % no sum on i, (14)
z

@ Riemann tensor (i # v, no sum), Ricci and the scalar curvatures

1 1 d(d—1)

Ry = mwu”;g’ Ry = (d— 1)27?7;% R= 72 (15)



d 4 1-dimensional Euclidean and Minkowski AdS space as
Lobachevski upper half plane 2° > 0, 2% = (2°,%);i =1,...d

dz% + n,,dz* dw
2 _ 2 2 uv
ds 2 (dm + dx ) , dspgs =L 2

the vielbein and the corresponding spin connection are given by:

a ]
6 05 70 5

.Z'O (EO 7 a = 0, e d
Christoffel symbols and spin connection coefficients
1 .
I'f=-=-Ti=-T%, w, da;Z “ no sum on i,
z

Riemann tensor (u # v, no sum), Ricci and the scalar curvatures

v v 1 1 d(d—1)
R.U'V/J‘ = nHNnV ?7 R;Ll/ - (d - 1)2727/]#1/, R = T

Dirac operator

1 - d
D, =09, + 5,0 103 T*D,, = 207’00 + z07.V — =7°

[\

(12)

(13)

(14)

(15)

(16)
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Consider a spacetime M supplied with a boundary dM = 3.

The fields in the bulk we denote by ®; (the index stands for arbitrary
tensorial structure) while the fields on the boundary are ¢.

The metric of M is g,, while the induced metric on the boundary
OM is gjapr = -
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At given slice X, consider the amplitude
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v=p—%

where Sp ys is the bulk action and the integral is evaluated with
Dirichlet boundary conditions for the fields on X,,.



Basic points of AdS/CFT correspondence.
The main ingredients

4

Consider a spacetime M supplied with a boundary dM = 3.

The fields in the bulk we denote by ®; (the index stands for arbitrary
tensorial structure) while the fields on the boundary are ¢.

The metric of M is g,, while the induced metric on the boundary
OM is gjonr = -

Consider a radial slice of the spacetime X, at fixed p. The fields on
this slice will be also denoted by ¢y.

At given slice X, consider the amplitude

\I/Ep[d)i] = /<I>-2 . D(I%‘elSBng(‘1%')7 (17)
v=p—%

where Sp ys is the bulk action and the integral is evaluated with
Dirichlet boundary conditions for the fields on X,,.

The quantum Hamilton-Jacobi functional

S(d)%) = F(q)i”ﬂ—o,q),i‘aM:(m- (18)

5%,
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@ The fields on the boundary ¢; are characterized by their tensor
structure and the conformal transformations of the boundary metric,
namely

Yoty = b — o e (19)

The quantity A; is associated with the conformal dimension of a
primary operator O; on the CFT side of the correspondence (actually
it is coupled to it).
@ S-matrix elements can be extracted by taking derivatives of the

quantum Hamilton-Jacobi functional. Thus, one can think of
Us, (6] = [, D¢e'3(9:) as on-shell amplitude defining connected
S-matrix elements.

= in flat space the quantum Hamilton-Jacobi functional is the
generating functional of connected S-matrix elements.

@ For any given CFT one can define the generating functional of
connected correlation functions

Zorrloi = (el= 90, (20)
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4 N\
The AdS/CFT correspondence states the equality of

‘ZCFT[QM = Usy (4] |, (21)

where Y is the (asymptotic) boundary of the spacetime.
& J

v Comments
@ In principle Wy, represents the quantum spacetime but only trough
the dependence on the boundary metric!
e Changing the radial slice changes the induced metric on X,! Thus,
knowing X, for all p (i.e. all possible ) allows to reconstruct the
semi-classical spacetimel

@ On the other hand, assuming the correspondence, the variation of the
boundary means moving the radial slice in the bulk!



@ The correspondence states

iSere+i [ dix O(x)o( i Sads —
Zorr|do] = / DOeiSer+i [ dlz O(@)go / D®eiSets — Wy, ]
(I)L¢’0

@ Practically

6" log ¥, [¢o]

<(9A($1) . OA(l‘n»CFT,conn = (_1)n 5¢0 o 5¢0

oo’ (22)
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Example 1. N=4 SYM

N = 4 field content

The N = 4 vector multiplet consists of:

- the gauge field A,

- four Weyl spinors A4, A=1,...,4

- six real scalars X,,, m =4,...,9 corresponding to the six transverse
directions to the D3 branes.

It is convenient to represent the scalars as a self-dual antisymmetric tensor
XAB of the R-symmetry group SU(4)r = Spin(6),

= 1
()(”43)Jf = XAB = §€ABC’D XCD . (23)

The explicit change of variables is

0 Xg +1Xg X6 +1X7 X4 +1X5
YAB _ 1 — X3 — iXo 0 X4 —iXs —Xe+iXr
- \/Q —X6 —iX7 —X4+1iX5 0 Xg —iXg

—X4 —1iX5 Xg —1X7 —Xg +1Xg 0



= In components (in going from superspace to components, we redefine

the coupling, gsuperspace = \@gcomponents, to recover the usual
normalization),

1 - 1, -
La=a=Tr| = ZF"Fyy — i) AGH DA — 51)*&>(A,31),k><'f“g

— — — 2 —_ —
+ivV29 X4 Aadp — i V29 Xaph' NP — T [XAP, XOP] [Xep, Xas) |

(24)
where A, B =1,...,4. The scalars X45 are related to the three complex
scalars ¢® as
0 ¢ | ¢ 4
—¢° 0 | 8] —¢3
XAB — (b _ 1 *2 25
—F =G 0 &
¢t @5 | —¢5 0

and obey the self-duality constraint.



Example 2: N=2 SYM

The stack of branes: N. D3 branes forming the geometry;. The background in

the N, — oo limit approaches AdSs x S°. To introduce flavors we add N D7
branes according to the Table 3

Coordinates
D123 4567 &9
D3
DT
prTIT e LS
T
u

Figure: Embedding of Ny D' branes in the background of N, D3.

The AdSs x S° background is given by

ds® “12(r)n, datda” + HY?(r )(dg2 + dz?),
L4 2 8\2 9\2
H(r)=—, r=§"+2" Zy 22 = (%) + (2%

C(()‘i)23 = Hila 6¢ = eq‘jm = s, L = 47Tgch(a/)2.



N = 2 field content
Each N = 2 flavor hyper multiplet consists of two Weyl spinors and two
complex scalars,

q T ()" (27)
(6)

Here i = 1,..., Ny is the flavor index. The scalars form an SU(2)r
doublet,

Q15<qﬂ>, 7 — .9, (28)
The flavor hyper multiplets are minimally coupled to the V' = 2 vector
multiplet that sits inside the A/ = 4 vector multiplet. This coupling breaks
the R-symmetry SU(4)r to SU(2)r, x SU(2)r x U(1)r, where
SU(2)r x U(1)g is the R-symmetry of the resulting N' = 2 theory. There
is a certain arbitrariness in the choice of embedding
SU(2)L X SU(Q)R X U(l)R C SU(4)R = Spm(6)



= This corresponds to the choice of orientation of the whole stack of
D7 branes in the 456789 directions (we need to pick an R* C R%). For
example if we choose the configuration of Figure, we identify

SU(2)r, x SU(2)r = SO(4) with rotations in the 4567 directions and
U(1)r = SO(2) with a rotation on the 89 plane. A short calculation using
our parametrization of the scalars (24) shows that this corresponds to the
following natural embedding of SU(2), x SU(2)gr x U(1)r C SU(4)rg:

SUR(2) x U(1)r

1
2
; (29)
4 SUL2) xU(1)x

Of course, any other choice would be equivalent, so long as it is performed
simultaneously for all D7 branes.



= With the choice (29), the ' = 4 vector multiplet splits into the
N = 2 vector multiplet

AN

Ad A2 (30)

Xg+iXo
V2
and the N' = 2 hyper multiplet
)\3
Xa+1X Xg+iX

4\-% 5 ) 6\4}5 T (31)

A

(67

The two Weyl spinors in the vector multiplet form an SU(2)r doublet

AIE<>\1>, 7=1,2, (32)
A2

while the two spinors in the hyper multiplet form an SU(2), doublet,

o )\3 A
Aj—<k4>, 7=1,2 (33)



Weuse Z,J --- = 1,2 for SU(2)g indices and 7, --=1,2 for SU(2)L,
indices. To make the SU(2)r, x SU(2)r quantum numbers of the scalars

more transparent we also introduce the 2 x 2 complex matrix X4, defined
as the off-diagonal block of X45B,

VIT _ ( Xe+iX7 Xy4+1X5 ) _ (34)

Xy —1Xs —Xg+1Xy
Note that X7 obeys the reality condition

(XII) = —sz = —ijEIijj 0 (35)



We summarize in the following table the transformation properties of the

fields:

Table: Quantum numbers of the fields.

SU(N) | SU(Ny) | SUQ2)r | SU@2)r | U)R

A, Adj 1 1 1 0
e Adj 1 1 1 +2
XIL | Adj 1 2 2 0
Az Adj 1 1 2 +1
Ay | Adj 1 2 1 -1
Q* O O 1 2 0

¥ O O 1 1 -1

0 O [} 1 1 +1



We summarize in the following table the transformation properties of the
fields:

SU(N) | SU(Ny) | SUQ2)r | SU@2)r | U)R

A, Adj 1 1 1 0
e Adj 1 1 1 +2
XIL | Adj 1 2 2 0
Az Adj 1 1 2 +1
Ay | Adj 1 2 1 -1
Q* O O 1 2 0

¥ O O 1 1 -1

0 O [} 1 1 +1

Table: Quantum numbers of the fields.

In superfield language the Lagrangian reads

Lp—g =Tr [ / d*0e 9V o, eV d + / d2ow?

+ (ig?/d%eabc Pa {@b, @C} +h.c.)] :



In components (in going from superspace to components, we redefine the
coupling, gsuperspace = \/ﬁgwmponems, to recover the usual normalization),

1 - 1
La=a=Tr| = ZF"Fyy — i) AP DA — §D“XABDMXAB

— — — 2 - -
+iv29 X8 Ak — iv29 Xaph*NP — L(X4P, XOP)[Xop, Xas)|

(36)
where A, B =1,...,4. The scalars XAB jre related to the three complex
scalars ¢% as

0 ¢ | ¢* o
43 0 d)* 7¢*
XAB — QZS 1 2 37
—¢* —¢1| 0 &3 (37)
—¢! 5 | —¢5 0

and obey the self-duality constraint.
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Conceptual issues

e Conceptual issues:

( © If gravity(string) theory is dual to certain gauge theory, it should
be possible to reconstruct any of them from the other!

© If the above statement is true, the (quantum) gravity should be
encoded in the boundary theory!

® Thus, one can think of space-time, ergo gravity as emergent
phenomenon!

The first questions to ask:

> How to match the degrees of freedom on both sides of duality
and how the information from the bulk is encoded in the boundary
theory 7

> What duality teaches us about strongly coupled physics on both
sides 7

> Is there something beyond the conjecture that could help in study-

ing features of quantum gravity, or what is underlying this duality 7
(& J




Next lectures will demonstrate how to approach these problems and will
give simple examples of duality with focus on the field theory side.
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